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Abstract
All real three dimensional Poisson-Lie groups are explicitly constructed and fully classified
under group automorphisms by making use of their one-to-one correspondence with the
complete classification of real three-dimensional Lie bialgebras given in [1]. Many of these
3D Poisson-Lie groups are non-coboundary structures, whose Poisson brackets are given here
for the first time. Casimir functions for all three-dimensional PL groups are given, and some
features of several PL structures are commented.
PACS: 02.20.Qs 02.20.Uw 02.30.Ik
KEYWORDS:
Poisson-Lie groups, Lie bialgebras, Hopf algebras, integrable systems, Lie algebras, Lie groups,
Poisson algebras, Casimir functions, quantum deformations
1 Introduction
Poisson-Lie (PL) groups are Poisson structures on Lie groups for which the group multiplication
is a Poisson map, and play an outstanding role in the theory of classical integrable models
(see [2]-[9] and references therein). Indeed, they were initially introduced by Drinfel’d [2] to
give a geometrical description of the Poisson algebra defined by the elements of the transition
matrix for a large class of Hamiltonian systems that are integrable through the inverse scattering
method. Later on, Semenov-Tian-Shansky [3] established the connection between PL groups and
the group of dressing trasformations of a completely integrable system (see also [9]). Moreover,
quantum groups are just Hopf algebra quantizations of PL groups [10]-[14], quantum spaces
are the quantizations of their corresponding Poisson homogeneous spaces [3, 15, 16, 17], and
the Poisson analogues of quantum algebras can be understood as PL structures defined on the
dual group [18, 19]. It is also worth to stress the relevance of certain PL groups and their
Lie bialgebras in the theory of T-dual sigma models [20]-[22] and in (2+1) gravity [23]-[27].
Moreover, being instances of Poisson-Hopf algebras, PL groups can be used to construct N -
particle integrable systems through the so-called coalgebra symmetry method (see [28]-[31]) and
some specific PL structures on solvable groups have been recently shown to arise as the Poisson
manifolds underlying the integrability of a large class of Lotka-Volterra systems [32].
As established by Drinfel’d, there exists a one to one correspondence between the Poisson-
Lie structures on a (connected and simply connected) Lie group G and the Lie bialgebra struc-
tures (g, δ) on its Lie algebra g. Therefore, the classification problem for PL structures on G is the
same as the classification (under automorphisms) of the Lie bialgebra structures on g = Lie(G).
Complementarily, we recall that if a given Lie bialgebra (g, δ) is a coboundary one, this means
that the cocommutator δ is obtained from a classical r-matrix, and in this case the full PL group
structure associated to (g, δ(r)) is obtained through the Sklyanin bracket given by r. For simple
Lie algebras, this problem has been studied in [33, 34]; in this case, all Lie bialgebras are of the
coboundary type and their classification reduces to obtain all constant solutions of the classical
Yang–Baxter equation. However, for non-semisimple groups non-coboundary Lie bialgebras can
exist and for them no Sklyanin bracket is available. In this case, the PL group associated to a
given non-coboundary Lie bialgebra has to be obtained by solving the compatibility conditions
between the group product and the Poisson bracket and by imposing that the linearization of
the latter corresponds to the Lie bialgebra under consideration (see [35, 36, 37, 38, 39]).
The aim of this paper is to complete the classification and the explicit construction of PL
structures on all real 3D Lie groups by taking into account that the full classification of real
3D Lie bialgebra structures was performed in the remarkable paper [1]. It turns out that the
vast majority of Lie bialgebras found in [1] for the non-semisimple cases were non-coboundaries
and, to the best of our knowlege, the PL groups associated to many of these non coboundaries
have not been explicitly constructed so far. Throughout the paper, we will follow the notation
from [40, 41], that classifies all real 3D Lie algebras into nine classes called A3,i (i = 1, . . . , 9),
that we will appropriately connect with the classification used in [1] (see [42] for the translation
into the original Bianchi classification).
Therefore, in this work we present the new classifications of PL groups corresponding to
the solvable Lie algebras A3,2, A3,4 (the (1+1) Poincare´ algebra), A3,5 and A3,7, together with
the corresponding Casimir function for each of the PL brackets. We recall that all the 3D
real coboundary PL groups have been explicitly constructed in [43] through their correspond-
ing r-matrices, and all these results will be also recovered here in a more general framework.
Also, PL structures on the Heisenberg-Galilei(1+1) group A3,1 were obtained in [44] and their
classification in terms of ther corresponding Lie bialgebra structures was performed in [45, 36];
the classification of PL structures on the Euclidean group A3,6 was given in [35] and the ‘book
group’ A3,3 structures have been recently analysed in [19] through the same metodology that we
will follow in the present paper and with the emphasis put on their applications in integrable
PL dynamics. We emphasize that all these known results will be recovered from a common
computational perspective and by adding the Casimir functions for all the PL structures.
The paper is organized as follows. In section 2 we tersely recall the relevant theory of
Poisson-Lie groups needed for the scope of this paper and, simultaneously, we also describe the
methodology that we have used in order to get the results that we will present in the sequel.
In section 3 we give the complete classification for Poisson-Lie groups corresponding to each
of the unequivalent real 3D Lie algebras. For each of these nine Lie groups we find by direct
computation the most generic (multiparametic) Poisson bracket that is compatible with the
group multiplication. Afterwards, we will compare the (dual of the) linearization of such generic
PL bracket with the classification of Lie bialgebra structures on the corresponding Lie algebra
given in [1], thus obtaining the equivalence classes of PL structures. Among them, both the
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coboundary and non-coboundary cases are identified, and the Casimir functions for all of them
are computed. In order to illustrate the method, the new classification for the 3D solvable group
generated by the Lie algebra A3,2 is firstly explained in detail, and for the rest of the cases we
present the results in a schematic way. Finally in section 4 we give some concluding remarks on
the results here presented and we suggest some of their possible applications.
2 Method
2.1 PL structures on a Lie group G
A Poisson-Lie group is a Lie group G together with a Poisson structure {, } on C∞(G), such
that the multiplication µ : G⊗G→ G is a Poisson map, namely
{f ◦ µ, g ◦ µ}C∞(G⊗G)(u, v) = {f, g}C∞(G)(µ(u, v)), u, v ∈ G, f, g ∈ C∞(G). (1)
In the language of Poisson-Hopf algebras [12], the pull-back of the multiplication µ on G defines
a coproduct map ∆ : C∞(G)→ C∞(G⊗G) through
∆(f)(u⊗ v) = f(µ(u, v)) u, v ∈ G, f ∈ C∞(G). (2)
In terms of the coproduct map ∆ the homomorphism property (1) can be written in the form
{∆(f),∆(g)}C∞(G⊗G) = ∆({f, g}C∞(G)). (3)
Our aim is to obtain explicitly and to classify all the (simply connected) real Poisson-Lie
groups of dimension three. It is well known that there exist nine non-isomorphic real 3D Lie
algebras that cannot be decomposed as a direct sum of lower dimensional real Lie algebras, for
which we will follow the structure constants and the basis {e1, e2, e3} given in [40]. For any of
these Lie algebras g, we will select a faithful three dimensional representation ̺ and construct
the matrix Lie group element as follows
M = exp(z̺(e1)) exp(y̺(e2)) exp(x̺(e3)).
Then, we will introduce a set of coordinate functions on M and we use equation (2) to define
their coproduct. For instance, if X is the coordinate function corresponding to the i, k entry of
M
X(M) =Mik,
then from equation (2), it follows that the coproduct of X will be given by
∆(X)(M ⊗M) =
3∑
j=1
Mij ⊗Mjk. (4)
Once the coproduct is defined for the three coordinate functions (denoted by X,Y,Z and ex-
pressed in terms of the initial ones (x, y, z)), we will look for the most generic (multipara-
metric) Poisson bracket for which equation (3) holds. Note that if the coordinate functions
correspond to linear combinations of the Mij entries, then the natural Ansatz for the Poisson
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bracket is a quadratic (and obviously antisymmetric) expression in the matrix group entries
(X1 = X,X2 = Y,X3 = Z) of the form
{Xα,Xβ}(M) =
3∑
i,j,k=1
cαβijkMijMjk, α, β = 1, 2, 3, (5)
where cαβijk = −cβαijk are constant parameters to be determined. Plugging the coordinate functions
into equation (3) and using the Ansatz (5), we get a set of linear equations for the coefficients
cαβijk that can be easily solved by using a symbolic manipulation program. Afterwards we impose
the Jacobi identity
{X, {Y,Z}} + {Z, {X,Y }}+ {Y, {Z,X}} = 0
and we get a set of quadratic equations for the remaining coefficients cαβijk. Since the condition
(3) is quite restrictive, it turns out that for the nine groups it is always possible to find the
general solution of these equations.
In this way we obtain a multiparametric Poisson bracket on C∞(G) that is both invariant
under the coproduct (4) and quadratic in the group matrix entries. Now we have to check
whether it is the most general one, in the sense that it contains as particular cases all the
inequivalent (under group automorphisms) PL structures on G, that have to be unambiguously
identified. Indeed, since the hypothesys that the Poisson bracket is quadratic in the group
matrix entries is restrictive, this could not be the case. To this aim we use the one-to-one
correspondence between PL groups on G and Lie bialgebra structures on g (see [12]) that we
describe in the sequel.
As we will show, this Ansatz works for seven of the nine three–dimensional real Lie Groups.
As we will explicitly comment for the remaining two cases, in each case only one non-quadratic
term has to be added to the quadratic Ansatz (5) on the PL bracket in order to get one ‘lost’
PL structure. Apart from that minor variation, the proposed metodology is exactly the same,
works for the nine 3D cases and could be used in higher dimensional cases.
2.2 Classification through the correspondence with Lie bialgebras on g
If G is a Poisson-Lie group with Lie algebra g, then it is always possible to define a canonical
Lie algebra structure on g∗ through
[ξ1, ξ2]g∗ = (d{f1, f2})e, (6)
where ξ1, ξ2 ∈ g∗, e is the identity element of G and f1, f2 ∈ C∞(G) are chosen in such a way
that (dfi)e = ξi. This same bracket can be written in the form
[ξ1, ξ2]g∗ = δ
∗(ξ1 ⊗ ξ2), (7)
where δ∗ is the dual of a 1−cocyle of g with values in g ⊗ g (the cocommutator)
δ([X,Y ]) = [δ(X), Y ⊗ 1 + 1⊗ Y ] + [X ⊗ 1 + 1⊗X, δ(Y )]. (8)
The pair (g, δ) is called the tangent Lie bialgebra of the PL structure on G. We have the
following key Theorem, due to Drinfel’d [2].
4
Theorem 1 Let G be a Lie group with Lie algebra g. If G is a Poisson-Lie group, then g
has a natural Lie bialgebra structure, called the tangent Lie bialgebra of G. Conversely, if G is
connected and simply connected, every Lie bialgebra structure on g is the tangent Lie algebra of
a unique Poisson structure on G which makes G into a Poisson-Lie group.
So, in order to identify all PL structures on G we have to classify all the possible cocommutators
δ on the Lie algebra g, i.e., all the tangent Lie bialgebras on g.
Again this implies the solution of a set of linear equations (the cocycle condition (8)) for a
coantisymmetric map δ with arbitrary coefficients, together with a further quadratic equation
on them (the Jacobi coidentity that ensures that g∗ is a Lie algebra). Once this problem has
been solved we can compare the Lie algebra structure on g∗ coming from the cocommutator (7)
with the one (6) coming from the linearization of our quadratic PL bracket. By Theorem 1, if
we find that the latter one is a particular case of the former one, then our Poisson-Lie bracket
is not the most general one. This happens only for two solvable Lie algebras, namely, for A3,4
and A3,6. In both cases, we find that it suffices to add a single non-quadratic term in order to
get a family of generic Poisson–Lie brackets on the group G. Finally, the corresponding Casimir
functions for these generic brackets are also explicitly found.
Afterwards, in order to classify all the so obtained Poisson–Lie structures in equivalence
classes under group automorphisms we firstly identify all the coboundary cases. This is done by
solving the modified Classical Yang-Baxter equation on the Lie algebra g associated with the
Lie group G and by using the components rij of any of these solutions to construct the Sklyanin
bracket
{f, g} = rij (XLi fXLj g −XRi fXRj g) f, g ∈ C∞(G),
where XLi , X
R
i , i = 1, 2, 3 are, respectively, the left and right invariant vector fields under the
group action. By comparing this Sklyanin bracket with the generic one previusly obtained, we
can identify the particular values of the free parameters in our generic PL brackets that give
rise to coboundary structures. Obviously, all the remaining ones will be non-coboundaries.
Finally, the identification of the equivalence classes of PL structures is done by using
Gomez’s classification [1] of all unequivalent bialgebra structures (under Lie algebra automor-
phisms) on the nine real three-dimensional algebras. Indeed, by Theorem 1, all the Lie algebra
structures induced on g∗ by the unequivalent cocommutators on g (see eq. (7)) found in [1] have
to appear as particular cases (corresponding to particular values of the parameters coming from
the full PL structures previously computed) of the linearization of our Poisson-Lie structures on
G (see eq. (6)). Due to the one to one correspondence between PL structures on the Lie group G
and the Lie bialgebra structures on its Lie algebra g, a representative of each of the equivalence
classes of PL structures on G can be explicitly obtained, and the classification problem is solved.
3 Results
In this section we present in a schematic way the full classification of 3D real PL groups. We
present in more detail the computations for the solvable Lie algebra A3,2 and for the rest of the
cases we list the relevant results in the same order and with the same notation.
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3.1 PL structures on the solvable group generated by A3,2
1. Commutation relations. We write (following [40]) the commutation relations of the
Lie algebra under scrutiny. In particular, the solvable Lie algebra A3,2 is defined by the
commutation relations
[e1, e3] = e1, [e2, e3] = e1 + e2, [e1, e2] = 0.
2. Representation. We give a faithful three dimensional representation ̺, which in the case
of A3,2 is given by
̺(e1) =

 0 0 10 0 0
0 0 0

 , ̺(e2) =

 0 0 10 0 1
0 0 0

 , ̺(e3) =

 −1 −1 00 −1 0
0 0 0

 .
3. Matrix group element. The matrix group element
M = exp(z̺(e1)) exp(y̺(e2)) exp(x̺(e3))
is computed in terms of the local coordinates on the group given by (z, y, x). When useful,
we will define a change of variables by rewriting the M -entries using capital letters. The
aim of this change of variables is to simplify the expressions for the coproduct and for
the Poisson–Lie brackets (and also to simplify the identification of Poisson brackets that
are quadratic in the matrix group element entries). The expression for the matrix group
element is used to compute the group multiplication law and the corresponding coproduct.
Namely, the matrix group element for A3,2 is given by
M =

 exp(−x) −x exp(−x) y + z0 exp(−x) y
0 0 1

 =

 X ln(X)X Z0 X Y
0 0 1

 .
Hereafter we will use X,Y,Z as coordinates on the group; since X = exp(−x), the coor-
dinate X has the constraint X > 0.
4. Coproduct. It comes from the group multiplication law, and in terms of the coordinate
functions is obtained by solving the set of equations (r = dim(M)):
∆(Mij) =
r∑
k=1
Mik ⊗Mkj, i, j = 1, . . . , r.
for X,Y,Z (here Mij denotes the function that maps the group element M into its i, j
entry).
In the case of A3,2 we realize that the X coordinate can be obtained by taking the M11
entry, that the Y coordinate is just M23 and Z is M13. According to the definition (2),
the coproduct of X,Y,Z, evaluated on the two group elements M1 and M2 will be given,
respectively, by the (11), (23) and (13) entries of the product M1 ·M2. Namely:
M1 ·M2 =

 X1 X1 ln(X1) Z10 X1 Y1
0 0 1

 ·

 X2 X2 ln(X2) Z20 X2 Y2
0 0 1

 =
=

 X1X2 X1X2 ln(X1X2) X1Z2 +X1 ln(X1)Y2 + Z10 X1X2 X1Y2 + Y1
0 0 1


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Now by the identification
X1 = X ⊗ 1, X2 = 1⊗X, Y1 = Y ⊗ 1, Y2 = 1⊗ Y, Z1 = Z ⊗ 1, Z2 = 1⊗ Z,
we obtain the coproducts for the coordinate functions
∆(X) = X ⊗X,
∆(Y ) = X ⊗ Y + Y ⊗ 1, (9)
∆(Z) = X ⊗ Z +X ln(X)⊗ Y + Z ⊗ 1.
5. PL brackets. The most general PL bracket on the group is obtained through the Ansatz
(5) by solving the equations (3) for the coproducts of the coordinate functions. In the A3,2
case, the most generic quadratic Poisson bracket for which (9) is a Poisson map is given
by the three-parametric structure
{X,Y }1 = 0,
{X,Z}1 = −a1X2 + b1XY + a1X, (10)
{Y,Z}1 = c1(1−X2) + b1
2
Y 2 + a1Y.
Note that since one of the group entries is the unity, the quadratic bracket contains linear
and constant terms. The Jacobi identity for this bracket is automatically satisfied, and all
the possible Lie bialgebra structures on A3,2 can be obtained as the dual of the linearization
of (10) (see eq. (6)). The subindex in the Poisson bracket labels the different possible
families of solutions for the PL bracket when the compatibility (3) is imposed. In this case
there is only one of such families.
6. Casimir function. The Casimir function for (10) is found to be
C = 2c1
(
1 +X2
)
+ Y (−2a1(−1 +X) + b1Y )
X
,
which is real and well defined for all values of the parameters (a1, b1, c1). As we shall see
in other groups, the Casimir function could be different depending on the values of the
parameters appearing in the generic PL structure.
7. Coboundary cases. The most general skewsymmetric candidate for constant classical
r-matrix on the Lie algebra A3,2 is
r = r12 e1 ∧ e2 + r13 e1 ∧ e3 + r23 e2 ∧ e3
where (r12, r13, r23) are free real parameters. Now we have to impose that r is a solution
of the mCYBE
[ζ ⊗ 1⊗ 1 + 1⊗ ζ ⊗ 1 + 1⊗ 1⊗ ζ, [[r, r]] ] = 0 ζ ∈ A3,2
and this condition leads to r23 = 0. Therefore, the coboundary PL structures for A3,2 will
be generated by
r = r12 e1 ∧ e2 + r13 e1 ∧ e3.
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In order to identify these structures within (10) we compute the left and right invariant
vector fields for the A3,2 group, which read
L1 = Lz = e
−x ∂
∂x
R1 = Rz =
∂
∂x
L2 = Ly = −xe−x ∂
∂x
+ e−x
∂
∂y
R2 = Ry =
∂
∂y
L3 = Lx =
∂
∂z
R3 = Rx = −(y + z) ∂
∂x
− y ∂
∂y
+
∂
∂z
.
Using them we can compute the Sklyanin bracket
{f, g} = rij (LifLjg −RifRjg)
that for the coordinate functions reads
{x, y} = 0, {x, z} = r13 (1− exp(−x)) , {y, z} = r12 (1− exp(−2x))− r13y.
Passing to the X,Y,Z variables, we obtain:
{X,Y } = 0, {X,Z} = r13X(X − 1), {Y,Z} = −r12(X2 − 1)− r13Y.
Therefore we conclude that (10) is a coboundary structure if b1 = 0, with a1 = −r13 and
c1 = r
12. Non-coboundary cases will appear whenever b1 6= 0.
8. Isomorphism with Lie algebras in [1]. First of all we have to identify the change of
bases in the Lie algebra that transforms our algebra into the generators e0, e1, e2 used in [1].
In particular, the algebra A3,2 is isomorphic to the algebra τ
′
3(1) in Gomez classification
through
e1 = e1 e2 = e2 e3 = −e0.
9. Correspondence with the classification of Lie bialgebras [1]. In the case of A3,2
the linearization of the Poisson-Lie bracket (10) gives
{x, y} = 0, {x, z} = −a1x− b1y, {y, z} = 2c1x+ a1y,
where x, y, z are the duals to e3, e2, e1 respectively. The corresponding cocommutator (in
the basis [1]) is given by
δ(e0) = −a1 e0 ∧ e1 + 2c1 e1 ∧ e2,
δ(e1) = 0 (11)
δ(e2) = −a1 e1 ∧ e2 + b1 e0 ∧ e1.
By comparing the cocommutator (11) with the four unequivalent classes of Lie Lialgebra
structures for τ ′3(1) found by Gomez, we find which particular values of the parameters
(a1, b1, c1) in (10) correspond with each of these classes. Each of these four sets will provide
the four inequivalent classes of PL structures on the group generated by A3,2.
In general, this correspondence will be summarized in the form of a table. In its first
column we write the number that identifies the type of Lie bialgebra (last column of table
III in [1]), and the symbol (∗) is used to distinguish the coboundary Lie bialgebras. In
the second one we give the Poisson bracket {, }i we are considering (in the case of A3,2
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we have only one) and in the following columns the particular values of the (ai, bi, ci)
parameters for which the linearization of the PL bracket coincides with the Lie bialgebra
parameters from [1]. We recall here the assumptions of [1] on the parameters α, β, λ, ω.
All are assumed to be nonzero real numbers, moreover α and β can be rescaled (by an
appropriate automorphism of the Lie algebra g) to arbitrary nonzero values, ω can be
rescaled to any nonzero value of the same sign, and λ is an essential parameter. Also the
parameters ρ and µ are subject to the constraints −1 ≤ ρ ≤ 1 and µ ≥ 0.
In this way, each row in the table corresponds to one of the inequivalent PL structures on
the group under consideration, that can be explicitly obtained by substituting the values
of the (ai, bi, ci) parameters given in the Table into the generic expression (10). In this
way, for the A3,2 the following inequivalent PL structures are obtained:
Lie bialg. in [1] {, }i ai bi ci
12 (∗) {, }1 0 0 −ω
(8) (∗) {, }1 1 0 0
13 {, }1 0 λ 0
14 {, }1 0 λ −ω
Table 1. Classification of PL structures on A3,2.
10. Remarks. Note that there is not a one-to-one correspondence between the number of
parameters in the generic PL bracket (10) and the number of inequivalent classes of PL
structures. Also, we mention that there seems to be a misprint in [1], since in order to get
correct expressions for the cocommutators of these Lie bialgebras, the generators e1 and
e2 have to be interchanged.
3.2 PL structures on the Heisenberg group generated by A3,1
1. Commutation relations
[e2, e3] = e1, [e1, e2] = 0, [e1, e3] = 0.
Note that these are also the commutation rules of the massless (1+1) Galilei Lie algebra.
2. Representation
̺(e1) =

 0 0 10 0 0
0 0 0

 , ̺(e2) =

 0 1 00 0 0
0 0 0

 , ̺(e3) =

 0 0 00 0 1
0 0 0

 .
3. Matrix group element
M =

 1 y xy + z0 1 x
0 0 1

 =

 1 Y Z0 1 X
0 0 1

 .
4. Coproduct
∆(X) = X ⊗ 1 + 1⊗X,
∆(Y ) = Y ⊗ 1 + 1⊗ Y,
∆(Z) = Z ⊗ 1 + 1⊗ Z + Y ⊗X.
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5. Poisson–Lie brackets. In this case we obtain three multiparametric families of Poisson
structures that are compatible with the previous coproduct:
{X,Y }1 = a1X + b1Y,
{X,Z}1 = a1
2
X2 + c1X + d1Y + b1Z, (b1 6= 0)
{Y,Z}1 = −a
2
1d1
b21
X − b1
2
Y 2 − 2a1d1 − b1c1
b1
Y − a1Z.
{X,Y }2 = 0,
{X,Z}2 = a2X + b2Y,
{Y,Z}2 = c2X + d2Y.
{X,Y }3 = a3X,
{X,Z}3 = a3
2
X2 + b3X, (a3 6= 0)
{Y,Z}3 = −c3X + b3Y − a3Z.
6. Casimir function. Note that for the structures 2 and 3 it depends on the values of the
corresponding parameters, that are indicated between parenthesis.
C1 = 2(b1c1 − a1d1)X + b
2
1(2Z −XY )− 2d1(a1X + b1Y ) log (a1X + b1Y )
(a1X + b1Y )
C2 =


[
(α+ a2 − d2)Y − 2c2X
(α− a2 + d2)Y + 2c2X
]a2+d2 [(1
2
(a2 − d2)Y − c2X
)2
− α
2
4
Y 2
]α
(α =
√
(a2 − d2)2 + 4b2c2, (a2 − d2)2 + 4b2c2 > 0)
(a2 + d2) arctan
(
2c2X − (a2 − d2)Y
αY
)
+
1
2
α ln
[
α2
4
Y 2 +
(
a2 − d2
2
Y − c2X
)2]
(α =
√
−(a2 − d2)2 − 4b2c2, (a2 − d2)2 + 4b2c2 < 0)
exp
(
2(a2 + d2)c2X
(a2 − d2)((d2 − a2)Y + 2c2X)
)
2c2X + (d2 − a2)Y (c2 6= 0, b2 = −(a2 − d2)
2/(4c2), a2 6= d2)
X exp
(
−a2Y
c2X
)
(d2 = a2, b2 = 0, c2 6= 0)
Y exp
(
−a2X
b2Y
)
(a2 = d2, c2 = 0, b2 6= 0)
X
Y
(a2 = d2, b2 = c2 = 0)
C3 =


X exp
[
2b3Y + a3(XY − 2Z)
2c3X
]
(c3 6= 0)
2b3Y + a3(XY − 2Z)
X
(c3 = 0)
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7. Coboundary cases. The most generic classical r-matrix on this algebra is
r = r12 e1 ∧ e2 + r13 e1 ∧ e3 + r23 e2 ∧ e3.
The Sklyanin bracket associated to this r is just the PL bracket { , }2 provided that
a2 = d2 = −r23, b2 = c2 = 0.
(coefficients r12 and r13 do not play any role in the above Poisson bracket) . Therefore,
the PL brackets { , }1 and { , }3 are always non-coboundary ones.
8. Isomorphism with the n3 Lie algebra in [1]:
e1 = e0 e2 = e1 e3 = e2.
9. Correspondence with the classification of Lie bialgebras:
Lie bialg. in [1] {, }i ai bi ci di
(5-5’) {, }2 −ρ 0 0 −1
(12) {, }2 −1 0 1 −1
(15) {, }2 −µ 1 1 −µ
17 {, }2 0 0 1 0
(13) {, }3 −1 0 λ ·
(10) {, }3 −1 0 0 ·
Table 2. Classification of PL structures on A3,1.
10. Remarks. A first study of the PL structures on the Heisenberg group and their quantiza-
tions was performed in [44] and Heisenberg Lie bialgebras together with their corresponding
quantum algebras were presented in [45]. The classification and construction of Heisenberg
PL groups given in [36] is included in Table 2. The only coboundary structure corresponds
to the ‘isolated point’ (5-5’) with ρ = 1. It can be also cheked that the PL brackets {, }1
and {, }3 are isomorphic for generic values of the parameters, which explains the absence
of {, }1 in Table 2.
3.3 PL structures on the ‘book group’ generated by A3,3
1. Commutation relations
[e1, e3] = e1, [e2, e3] = e2, [e1, e2] = e0.
2. Representation
̺(e1) =

 0 0 10 0 0
0 0 0

 , ̺(e2) =

 0 0 00 0 1
0 0 0

 , ̺(e3) =

 −1 0 00 −1 0
0 0 0

 .
3. Matrix group element
M =

 exp(−x) 0 z0 exp(−x) y
0 0 1

 =

 X 0 Z0 X Y
0 0 1

 , X > 0.
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4. Coproduct
∆(X) = X ⊗X,
∆(Y ) = X ⊗ Y + Y ⊗ 1,
∆(Z) = X ⊗ Z + Z ⊗ 1.
5. Poisson–Lie brackets
{X,Y }1 = a1(X2 −X)− b1XY − 2c1XZ,
{X,Z}1 = d1(X2 −X) + 2e1XY + b1XZ,
{Y,Z}1 = f1(1−X2) + e1Y 2 + b1Y Z − d1Y + c1Z2 + a1Z.
6. Casimir
C = 1
X
(
f1(1 +X
2) + d1(−1 +X)Y + e1Y 2 + a1Z(1−X) + Z(b1Y + c1Z)
)
.
7. Coboundary cases. The most generic classical r-matrix is now
r = r12 e1 ∧ e2 + r13 e1 ∧ e3 + r23 e2 ∧ e3,
which corresponds to the PL brackets given by
a1 = r
23, d1 = r
13, f1 = r
12, b1 = c1 = e1 = 0.
8. Isomorphic to the algebra τ3(1) in [1] through the change of variables
e1 = e1 e2 = e2 e3 = −e0.
9. Correspondence with the classification of Lie bialgebras:
Lie bialg. in [1] {, }i ai bi ci di ei fi
5 (ρ = 1) (∗) {, }1 0 0 0 0 0 −1
6 (ρ = 1, χ = e0 ∧ e1) (∗) {, }1 0 0 0 −1 0 0
7 (ρ = 1) {, }1 0 λ 0 0 0 0
(1) {, }1 0 λ 0 0 0 −α
(2) {, }1 0 0 λ/2 0 λ/2 −ω
9 {, }1 0 0 λ/2 0 λ/2 0
10 {, }1 0 0 −1/2 0 0 0
11 {, }1 0 0 −1/2 0 0 −ω
(3) {, }1 0 0 −1/2 −α 0 0
Table 3. Classification of PL structures on A3,3.
10. Remarks. Note that in Table 3 the parameter a is always 0. This is due to the fact that
a is equivalent to d under the Lie group automorphism Y ↔ Z. This classification of
PL structures on the book group has been recently presented in [19], where it has been
explicitly shown that many of these structures correspond -under suitable changes of local
coordinates- to Poisson versions of 3D quantum algebras (see also [18], in which the PL
group corresponding to (1) with b1 = 1/f1 was constructed). Also, the PL structure
given by the case 7 has been recently shown to underlie the integrability of a class of 3D
Lotka-Volterra systems (see [19] and references therein).
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3.4 PL structures on the (1+1) Poincare´ group generated by A3,4
1. Commutation relations
[e1, e3] = e1, [e2, e3] = −e2, [e1, e2] = 0.
2. Representation
̺(e1) =

 0 0 10 0 0
0 0 0

 , ̺(e2) =

 0 0 00 0 −1
0 0 0

 , ̺(e3) =

 −1 0 00 1 0
0 0 0

 .
3. Matrix group element
M =

 exp(−x) 0 z0 exp(x) −y
0 0 1

 =

 X 0 Z0 X−1 Y
0 0 1

 , X > 0.
4. Coproduct
∆(X) = X ⊗X,
∆(Y ) = X−1 ⊗ Y + Y ⊗ 1,
∆(Z) = X ⊗ Z + Z ⊗ 1.
5. Poisson–Lie brackets. We have two different families
{X,Y }1 = −a1XY + b1(X − 1),
{X,Z}1 = c1(X −X2)− a1XZ,
{Y,Z}1 = a1Y Z − c1Y − b1Z.
{X,Y }2 = a2(1−X),
{X,Z}2 = b2(X2 −X), (c2 6= 0)
{Y,Z}2 = b2Y + a2Z + c2 ln(X).
6. Casimirs
C1 =


c1(X − 1) + a1Z
b1(1−X) + a1XY (a1 6= 0)
b1Z + c1XY
X − 1 (a1 = 0)
C2 = exp
[
b2XY + a2Z
c2(X − 1)
](
X
X
X−1
X − 1
)
7. Coboundary cases. The generic classical r-matrix is
r = r12 e1 ∧ e2 + r13 e1 ∧ e3 + r23 e2 ∧ e3,
which means that the bracket {, }1 is coboundary for the following values of the parameters:
a1 = 0, b1 = r
23, c1 = −r13.
(the coefficient r12 do not play any role in the above Poisson bracket) . The bracket {, }2
is always a non-coboundary one.
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8. Isomorphic to the algebra τ3(−1) in [1] through the change of variables
e1 = e1 e2 = e2 e3 = −e0.
9. Correspondence with the classification of Lie bialgebras:
Lie bialg. in [1] {, }i ai bi ci
6 (ρ = −1, χ = e0 ∧ e1) (∗) {, }1 0 0 1
7 (ρ = −1) {, }1 −λ 0 0
(11) (∗) {, }1 0 −αβ α
5’ {, }2 0 0 1
8 {, }2 −α 0 1
(14) {, }2 αλ −α 1
Table 4. Classification of PL structures on A3,4.
10. Remarks. The A3,4 algebra is isomorphic to the (1+1) Poincare´ algebra written in a ‘null-
plane’ basis. Note that the Poisson bracket {, }2 is not quadratic in the group matrix
entries since it contains a term of the type c ln(X), that we have been forced to include
if we want to recover the non-coboundary PL structures 5′, 8 and (14). If we write both
families of Poisson brackets in the local coordinates (x, y, z) we obtain
{x, y}1 = a1y + b1(1− exp(x))
{x, z}1 = c1(exp(−x)− 1) + a1z
{y, z}1 = y(a1z − c1) + b1z
{x, y}2 = a2(exp(x)− 1)
{x, z}2 = b2(1− exp(−x))
{y, z}2 = c2x+ b2y − a2z
where the {y, z}i bracket would be the Poisson version for the non-commutative (null-
plane) Minkowski spacetime associated to the corresponding quantum Poincare´ group
(see [46] and references therein).
3.5 PL structures on the solvable group generated by A3,5
1. Commutation relations
[e1, e3] = e1, [e2, e3] = ρ e2, [e1, e2] = 0, 0 < |ρ| < 1.
2. Representation
̺(e1) =

 0 0 10 0 0
0 0 0

 , ̺(e2) =

 0 0 00 0 ρ
0 0 0

 , ̺(e3) =

 −1 0 00 −ρ 0
0 0 0

 .
3. Matrix group element
M =

 exp(−x) 0 z0 exp(−ρx) ρy
0 0 1

 =

 X 0 Z0 Xρ Y
0 0 1

 , X > 0.
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4. Coproduct
∆(X) = X ⊗X,
∆(Y ) = Xρ ⊗ Y + Y ⊗ 1,
∆(Z) = X ⊗ Z + Z ⊗ 1.
5. Poisson–Lie brackets. We have three different families:
{X,Y }1 = −a1XY + b1X(Xρ − 1),
{X,Z}1 = c1(X −X2) + a1
ρ
XZ (a1 6= 0),
{Y,Z}1 = ρ b1c1
a1
(1−X1+ρ) + a1Y Z + ρ c1Y + b1Z.
{X,Y }2 = 0,
{X,Z}2 = a2(X −X2),
{Y,Z}2 = b2(1−X1+ρ) + ρ a2Y.
{X,Y }3 = a3X(Xρ − 1),
{X,Z}3 = 0 (a3 6= 0),
{Y,Z}3 = b3(1−X1+ρ) + a3Z.
6. Casimirs
C1 = X−ρ (b1(1−Xρ) + a1Y ) (ρ c1(X − 1)− a1Z)ρ.
C2 =
(
1− 1
X
)ρ
(b2(1−Xρ) + ρ a2Y ) .
C3 = (X−ρ − 1) (b3(X − 1)− a3Z)ρ .
7. Coboundary cases. The bracket {, }2 is coboundary for the following values of the param-
eters and r-matrix:
a2 = −r13, b2 = ρ r12, r = r12 e1 ∧ e2 + r13 e1 ∧ e3.
The bracket {, }3 is coboundary when
a3 = ρ r
23, b3 = ρ r
12, r = r12 e1 ∧ e2 + r23 e2 ∧ e3.
The bracket {, }1 is always a non-coboundary one.
8. Isomorphic to the algebra τ3(ρ), 0 < |ρ| < 1 in [1] through the change of basis
e1 = e1 e2 = e2 e3 = −e0.
9. Correspondence with the classification of Lie bialgebras:
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Lie bialg. in [1] {, }i ai bi ci
5 (∗) {, }2 0 −ρ ·
6 (χ = e0 ∧ e1) (∗) {, }2 1 0 ·
7 {, }1 λ ρ 0 0
Table 5. Classification of PL structures on A3,5.
10. Remarks. To the best of our knowledge, this case has not been considered in the literature
so far. Note that the non-coboundary PL group corresponding to the Lie bialgebra 7 is
one of the Lotka-Volterra brackets [32] that generalize the PL bracket previously obtained
on the book group A3,3.
3.6 PL structures on the 2D Euclidean group generated by A3,6
1. Commutation relations
[e1, e3] = −e2, [e2, e3] = e1, [e1, e2] = 0.
2. Representation
̺(e1) =

 0 0 00 0 −1
0 0 0

 , ̺(e2) =

 0 0 10 0 0
0 0 0

 , ̺(e3) =

 0 −1 01 0 0
0 0 0

 .
3. Matrix group element
M =

 cos(x) − sin(x) ysin(x) cos(x) −z
0 0 1

 =

 C −S YS C Z
0 0 1

 , C2 + S2 = 1.
4. Coproduct
∆(C) = C ⊗C − S ⊗ S,
∆(S) = S ⊗ C + C ⊗ S,
∆(Y ) = C ⊗ Y − S ⊗ Z + Y ⊗ 1,
∆(Z) = S ⊗ Y + C ⊗ Z + Z ⊗ 1.
5. Poisson–Lie brackets
{C,S}1 = 0,
{C, Y }1 = a1(1− C2) + b1S(1− C)− c1SY,
{C,Z}1 = a1S(1− C) + b1(C2 − 1)− c1SZ,
{S, Y }1 = −a1CS + b1(C2 − C) + c1CY,
{S,Z}1 = a1(C2 − C) + b1CS + c1CZ,
{Y,Z}1 = a1Z + b1Y − c1
2
(Y 2 + Z2).
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{C,S}2 = 0,
{C, Y }2 = a2(1− C2) + b2S(1− C),
{C,Z}2 = a2S(1− C) + b2(C2 − 1) (c2 6= 0),
{S, Y }2 = −a2CS + b2(C2 − C),
{S,Z}2 = a2(C2 − C) + b2CS,
{Y,Z}2 = a2Z + b2Y + c2 arccos(C).
6. Casimirs
C1 =


2 arctan
(
c1Z − a1(1− C) + b1S
b1(1− C) + a1S − c1Y
)
− arctan
(
C
S
)
(c1 6= 0),
a1Y − b1Z + S (a1Z + b1Y )
C − 1 (c1 = 0).
C2 = c2 ln (1− C) + a2Y − b2Z + S (a2Z + b2Y + c2 arccos(C))
C − 1
7. Coboundary cases. The generic classical r-matrix is given by
r = r12 e1 ∧ e2 + r13 e1 ∧ e3 + r23 e2 ∧ e3.
The bracket {, }1 is coboundary for the following values of the parameters
a1 = r
13, b1 = −r23, c1 = 0,
(coefficient r12 do not play any role in the above Poisson bracket) while the bracket {, }2
is always a non-coboundary one.
8. Isomorphic to the algebra s3(0) in [1] through the change of basis
e1 = e1 e2 = e2 e3 = −e0.
9. Correspondence with the classification of Lie bialgebras:
Lie bialg. in [1] {, }i ai bi ci
(9) {, }1 0 0 −λ
15’ {, }2 0 0 −ω
(11’) (∗) {, }1 −1 0 0
(14’) {, }2 −α 0 −λ
Table 6. Classification of PL structures on A3,6.
10. Remarks. In this case the Poisson bracket {, }2 is not quadratic in the group matrix
entries since it contains a term arccos(C), that has been allowed in order to obtain the PL
structure corresponding to the Lie bialgebras (14′) and 15′. PL structures on the euclidean
group were firstly studied in [35], where the case (14’) is lacking.
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3.7 PL structures on the solvable Lie group generated by A3,7
1. Commutation relations
[e1, e3] = µe1 − e2, [e2, e3] = e1 + µe2, [e1, e2] = 0, µ > 0.
2. Representation
̺(e1) =

 0 0 µ0 0 −1
0 0 0

 , ̺(e2) =

 0 0 10 0 µ
0 0 0

 , ̺(e3) =

 −µ −1 01 −µ 0
0 0 0

 .
3. Matrix group element
M =

 e−µx cos(x) −e−µx sin(x) y + µze−µx sin(x) e−µx cos(x) µy − z
0 0 1

 =

 C −S YS C Z
0 0 1

 ,
C2 + S2 − exp
(
−2µ arctan
(
S
C
))
= 0.
4. Coproduct
∆(C) = C ⊗C − S ⊗ S,
∆(S) = S ⊗ C + C ⊗ S,
∆(Y ) = C ⊗ Y − S ⊗ Z + Y ⊗ 1,
∆(Z) = S ⊗ Y + C ⊗ Z + Z ⊗ 1.
5. Poisson–Lie brackets
{C,S}1 = 0
{C, Y }1 = 1
2a1
(µC + S)
[
c21(1 + µ
2)(−Y + µZ) + b1(−2a1S + b1(−Y + µZ))+
+ 2c1[a1(−1 + C + µS) + b1µ(Y − µZ)]] ,
{C,Z}1 = − 1
2a1
(µC + S)
[
b21(µY + Z)− 2b1 [a1(C − 1) + c1µ(µY + Z)] +
+ c1
[
2a1µ(C − 1)− 2a1S + c1(1 + µ2)(µY + Z)
]]
,
{S, Y }1 = − 1
2a1
(C−µS) [c21(1 + µ2)(−Y + µZ) + b1(−2a1S + b1(−Y + µZ))+
+ 2c1 [a1(−1 + C + µS) + b1µ(Y − µZ)]] ,
{S,Z}1 = 1
2a1
(C − µS) [b21(µY + Z)− 2b1 [a1(C − 1) + c1µ(µY + Z)]+
+ c1
[
2a1µ(C − 1)− 2a1S + c1(1 + µ2)(µY + Z)
]]
,
{Y,Z}1 = − 1
4a1
[−4a21(C2 + S2 − 1) + 4a1[(c1 + µb1 − c1µ2)Y + (b1 − 2c1µ)Z] +
+ (1 + µ2)(c21 + (b1 − c1µ)2)(Y 2 + Z2)
]
,
(a1 6= 0).
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{C,S}2 = 0,
{C, Y }2 = a2(Y − µZ)(µC + S)
µ
,
{C,Z}2 = a2(µY + Z)(µC + S)
µ
,
{S, Y }2 = −a2(Y − µZ)(C − µS)
µ
,
{S,Z}2 = −a2(µY + Z)(C − µS)
µ
,
{Y,Z}2 = −a2(µ
2 + 1)(Y 2 + Z2)
2µ
.
6. Casimirs
C1 = arctan
(
S
C
)
+
1
(i+ µ)
ln
[−2ia1(−1 + C − iS) + (i+ µ)(ib1 + c1 − ic1µ)(Y − iZ)
(i+ µ)(b1 − c1(i+ µ))
]
+
1
(−i+ µ) ln
[
2ia1(−1 + C + iS) + (µ + i)(ib1 + c1 + ic1µ)(Y + iZ)
(µ − i)(b1 + c1(i− µ))
]
.
C2 = arctan
(
S
C
)
+
2
1 + µ2
[
arctan
(
Z
Y
)
− µ
2
ln(Y 2 + Z2)
]
.
7. Coboundary cases. For this algebra the most general classical r-matrix is
r = r12 e1 ∧ e2,
which corresponds to the bracket {, }1 for the following values of the parameters
a1 = r
12(1 + µ2), b1 = c1 = 0.
The bracket {, }2 is always a non-coboundary one.
8. Isomorphic to the algebra s3(µ) in [1] through the change of basis
e1 = e1 e2 = e2 e3 = −e0.
9. Correspondence with the classification of Lie bialgebras:
Lie bialg. in [1] {, }i ai bi ci
15 (∗) {, }1 −ω 0 0
16 {, }2 −λ · ·
Table 7. Classification of PL structures on A3,7.
10. Remarks. The µ → 0 limit of the Lie algebra A3,7 is just the Euclidean Lie algebra A3,6.
Therefore, the former can be thought of as a deformation of the latter (see the A3,7 group
element). Note that the PL brackets are always quadratic in the group matrix entries,
provided the constraint C2 + S2 − exp (−2α arctan ( S
C
))
= 0 is imposed. As it has been
stressed in [1], when µ = 1 the non-coboundary Lie bialgebra 16 is self-dual.
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3.8 PL structures on the SL(2,R) group generated by A3,8
1. Commutation relations
[e1, e3] = −2e2, [e1, e2] = e1, [e2, e3] = e3.
2. Representation
̺(e1) =
(
0 0
1 0
)
, ̺(e2) =
1
2
(
1 0
0 −1
)
, ̺(e3) =
(
0 1
0 0
)
.
3. Matrix group element
M =
(
e
y
2 xe
y
2
ze
y
2 xze
y
2 + e−
y
2
)
=
(
Y X
Z W
)
, Y > 0, Y W −XZ = 1.
4. Coproduct
∆(X) = X ⊗W + Y ⊗X
∆(Y ) = Y ⊗ Y +X ⊗ Z,
∆(Z) = Z ⊗ Y +W ⊗ Z,
∆(W ) = Z ⊗X +W ⊗W.
5. Poisson–Lie bracket
{X,Y }1 = −a1X2 + b1XY + c1(1− Y 2),
{X,Z}1 = −(a1X + c1Z)(Y +W ),
{X,W}1 = −a1X2 − b1XW + c1(1−W 2),
{Y,Z}1 = a1(1− Y 2)− b1Y Z − c1Z2,
{Y,W}1 = 2b1(1−WY ) + (c1Z − a1X)(Y −W ),
{Z,W}1 = a1(W 2 − 1)− b1ZW + c1Z2.
6. Casimir
C =


a1(W − Y )− b1Z
(a1X + c1Z)
(a1 6= 0 or c1 6= 0)
W − Y
Z
(a1 = b1 = 0)
X
Z
(a1 = c1 = 0)
7. Coboundary cases. Since the Lie algebra A3,8 is simple, the PL tensor is always a cobound-
ary one, with the following r−matrix:
r = r12 e1 ∧ e2 + r13 e1 ∧ e3 + r23 e2 ∧ e3.
By computing the Sklyanin bracket we get the following identification for the parameters:
a1 = −r12, b1 = −2r13, c1 = r23.
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8. Isomorphic to the algebra sl(2,R) in [1] through the change of basis
e1 =
√
2e1 e2 = −e0 e3 =
√
2e2.
9. Correspondence with the classification of Lie bialgebras:
Lie bialg. in [1] {, }i ai bi ci
1 (∗) {, }1 0 λ/2 0
2 (∗) {, }1 0 0
√
2λ/4
3 (∗) {, }1
√
2λ/4 0 0
Table 8. Classification of PL structures on A3,8.
10. Remarks. The Lie bialgebra 1 corresponds to the PL structure underlying the standard
quantum SL(2,R) group, case 2 corresponds to the standard quantum deformation of
SO(2, 1) and the case 3 corresponds to the non-standard quantum SL(2,R) group.
3.9 PL structures on the SO(3) group generated by A3,9
1. Commutation relations
[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2
2. Representation
̺(e1) =

 0 0 00 0 −1
0 1 0

 , ̺(e2) =

 0 0 10 0 0
−1 0 0

 , ̺(e3) =

 0 −1 01 0 0
0 0 0

 .
3. Matrix group element
M =

 CxCy −SxCy SyCxSySz + SxCz −SxSySz + CxCz −CySz
−CxSyCz + SxSz SxSyCz + CxSz CyCz

 .
where we used the shorthand notation Cα = cos(α) and Sα = sin(α).
4. Coproduct. It would be immediate to write it for the matrix entries of M, and in terms of
the local group coordinates it can be formally written as
∆(x) = π − arccos
(
−CxCy ⊗ CxCy + SxCy ⊗ CxSySz + SxCy ⊗ SxCz + Sy ⊗ CxSyCz − Sy ⊗ SxSz√
1− sin(∆(y))
)
,
∆(y) = arcsin (CxCy ⊗ Sy + SxCy ⊗ CySz + Sy ⊗ CyCz) ,
∆(z) = π − arccos
(
CxSyCz ⊗ Sy − SxSz ⊗ Sy + SxSyCz ⊗ CySz + CxSz ⊗ CySz − CyCz ⊗ CyCz√
1− sin(∆(y))
)
.
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5. Poisson–Lie bracket. The most general Poisson bracket compatible with the above coprod-
uct maps is given by
{x, y}1 = a1 sin(y) + b1 sin(x) cos(y) + c1 cos(x) cos(y)− c1
cos(y)
,
{x, z}1 = a1 sin(z) + b1 cos(x)− b1 cos(z)− c1 sin(x)
cos(y)
,
{y, z}1 = −a1 cos(z) cos(y) + b1 sin(z) cos(y)− a1 + c1 sin(y)
cos(y)
.
6. Casimir. In the case b1 = c1 = 0 (which is the only essential PL bracket, see below) it
reads
C = x
2
− arctan
[
sin
(
y−z
2
)
sin
(
y+z
2
)
]
.
7. Coboundary cases. Again, the Lie algebra A3,9 is simple, so its PL tensors are always
coboundaries. The generic r-matrix is given by
r = r12 e1 ∧ e2 + r13 e1 ∧ e3 + r23 e2 ∧ e3.
which means that
a = r12, b = r13, c = r23.
8. Isomorphic to the algebra so(3) in [1] through the change of basis
e1 = e1 e2 = e2 e3 = e0.
9. Correspondence with the classification of Lie bialgebras:
Lie bialg. in [1] {, } a b c
4 {, }1 λ 0 0
Table 9. Classification of PL structures on A3,9.
10. Remarks. The Lie bialgebra 4 is the one generated by the classical r-matrix r = a1 e1 ∧ e2
(which is equivalent to the generic three-parametric r-matrix through the appropriate
automorphism), whose Sklyanin bracket is given above and provides the semiclassical limit
of the quantum SO(3) group.
4 Conclusions
In this paper we have constructed and classified all the possible PL structures for the nine real
3D Lie groups. For each of the PL brackets, we have given the explicit expressions for the
coproduct map and for the corresponding Casimir function. Moreover, our results are fully
consistent with the complete classification of Lie bialgebra structures given in [1], that we have
used in order to identify all the unequivalent PL structures under generic group automorphisms.
For each Lie group, the PL structures are obtained by solving the cocycle condition through
direct computation and by assuming initially a quadratic dependence of the PL bracket in terms
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of the group matrix entries (this assumption has to be relaxed in only two cases). The solutions
so obtained are grouped into multiparametric families of Poisson brackets, that in many cases
provide non-coboundary PL structures that had not been constructed so far. In particular, the
PL structures for the groups corresponding to the solvable Lie algebras A3,2, A3,4 (the (1+1)
Poincare´ algebra), A3,5 and A3,7 are -to the best of our knowledge- presented here for the first
time.
The approach here presented can be straightforwardly implemented in order to obtain and
classify PL structures of non-semisimple Lie groups in higher dimensions, for which known re-
sults are scarce and essentialy deal with coboundary structures [37, 47, 48, 49, 50]. In particular,
it is known that all the Lie bialgebra structures of groups built as semidirect products between
(2+1) and (3+1) space-time rotations (with arbitrary signature) and translations, are cobound-
aries [51], although only the (2+1) [52] and the (3+1) Poincare´ classification [51, 53, 54] were
completed. However, a bunch of non-coboundary Lie bialgebras arise in the classification of the
massless (3+1) Galilei PL groups [38] and similar results can be expected for the classification
of the PL structures on the 4D and 5D real Lie groups whose Lie algebras are classified in [40].
Consequently, the results here presented can be useful in two different directions. On one
hand, they provide a complete and closed chart of the semiclassical counterparts of all possible
3D real quantum groups, that in many non-semisimple (and non-coboundary) cases are yet
unexplored. On the other hand, as in the case of Lotka-Volterra equations [32], it could happen
that other relevant dynamical systems whose Hamiltonian structure is provided by quadratic
Poisson algebras could find a group theoretical interpretation as Poisson-Lie structures on certain
(possibly non-simple) Lie groups. Work on these two lines is in progress.
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